Abstract. The existence of a semigroup of solution operators associated with a second order infinite dimensional parabolic equation of the form duldt=Lxu was previously established by the author. The present paper investigates the relationship between Lx and the infinitesimal generator "U of the semigroup. In particular, it is shown that * is the closure of Lx in a natural sense. This in turn implies certain uniqueness results for both the semigroup and for solutions of the parabolic equation.
I. Introduction. A pure second order linear differential operator acting on a function whose domain is an open subset of a real separable Hubert space 77 is of the form Lxf(x)= trace [A(x)f"(x)]. A(x) is a linear operator on 77 and/" is the second Fréchet derivative off. When 77 is finite dimensional this coincides with the usual definition, and Lxf(x) exists provided f"(x) exists. However, when 77 is infinite dimensional, summability questions arise-for example, whether ,4(x)/"(x) is of trace class. Another dissimilarity to the finite dimensional case is related to the nonavailability of a substitute for Lebesgue measure which is countably additive on H. This is the reason that we work within the context of abstract Wiener space.
In a paper entitled Potential theory on Hilbert space [4], L. Gross has discussed the Laplacian, the related heat equation and the similarities and dissimilarities between finite and infinite dimensional situations. Previous work of the author [7] , [9] , [10] has centered on extending the results of Gross to second order differential operators with variable coefficients. The present work continues in the same spirit.
The existence of a fundamental solution for 8u/8t=Lxu is known under certain smoothness and ellipticity hypotheses on A(x). Associated with this fundamental solution is a semigroup of " solution operators " {qt : t> 0}. In the finite dimensional case a variety of uniqueness results are available : for the fundamental solution, for the semigroup, and for individual solutions of the differential equation. The proofs of such results have generally not been adaptable to an infinite dimensional situation. Consequently, very little is known concerning uniqueness, even in the case of the Laplacian. This paper was motivated by the desire both for uniqueness results and for a better understanding of the relationship between the infinitesimal generator of {qt} and the differential operator Lx. It turns out that uniqueness of the semigroup is a consequence of the fact that the infinitesimal generator is the closure of Lx in a natural sense.
§11 deals with the background and necessary notation. In §111 we present the results connecting Lx and {qt}, including uniqueness results. All smoothness estimates involving {qt} which are necessary for proofs of the results of §111 are deferred until §IV. In §IV we present only such estimates.
II. Background and notation. Let 77 be a real separable Hubert space with inner product ( •, • ) and norm | ■ |. Let || • || be a fixed measurable norm on 77 in the sense of Gross [3] and B be the completion of 77 with respect to || • ||. The triple (77, B, i) where i is the inclusion mapping of 77 into B is known as an abstract Wiener space [3] . Denoting by B* and 77* the topological dual spaces of B and of 77 respectively, we may consider t3* as being embedded by restriction in 77*. If then 77* is identified with 77 via the inner product ( ■, ■ ), we may regard B* as contained in 77 and hence, via i, as contained in B. < •, • > will denote the natural pairing of B* and B. For each t>0,pt will denote the Wiener measure on the Borel field of B which is determined by Gauss cylinder set measure vt, with variance parameter t, on 77 [3] . For x in B and for each Borel set F in B, pt(x, r)=pt(T-x).
We will deal with two notions of differentiability of a function/from B to some Banach space W. f will be called TJ-differentiable at x iff is Fréchet differentiable at x. This derivative will be denoted by Df(x) and it is a member of the space L(B, W) of bounded linear maps from B to W. We also may consider the behavior of/only at points of the form x + h with h in 77. Then we will say that/is 77-differentiable at x if there exists an/'(x) in 7.(77, W) satisfying
for small h in 77. Since the 77 norm is stronger than the B norm, 5-differentiability off at x implies 77-differentiability off at x. We will write ||7J>/(x)|| and \f'(x)\ for the L(B, W) and L(77, W) norms respectively.
Let Lx he a second order differential operator of the form
where A(■) is a map from B to 7,(77) (=L(H, 77)), and/is a real-valued function on B. We will denote by LxA the differential operator
where m is a real-valued function on B x (0, oo) and ' denotes 77-differentiability, for t fixed. We say that Lxf or Lx¡tu exists if the relevant derivatives exist and if A(x)f"(x) or A(x)u"(x, t), respectively, is trace class in 7,(77). Under certain hypotheses on Lx concerning ellipticity and smoothness, it is established in [7] that a fundamental solution for LXytu(x, t) = 0 exists. Explicitly, if we assume that A(x) is of the form 7-7?(x), where Henceforth we will assume that A(x) satisfies the preceding conditions (i)-(v). With a few additional hypotheses of a technical nature, it is shown in [9] that qt(x,dy) is a probability measure on B and qtqsf(x)=qt+sf(x) for each bounded real-valued measurable function / on B, for all s and t greater than 0 and for all x in B.
It has recently been announced by Kuo and Piech [6] in the presence of the additional hypotheses (vi) there exists an increasing sequence {Pn} of finite dimensional projections on B such that Pn[B]cB*, {P"} converges strongly to the identity on B, and {PJH} converges strongly to the identity on 77;
(vii) B():B^L(B,B*); that {fl((x, dy)} is a family of probability measures satisfying the aforementioned semigroup property. Henceforth we will assume that (vi) and (vii) hold.
The following outlines the approach of [6] . Let Q. denote the space of continuous functions to from [0, oo) into B and vanishing at 0. J( is the a-field of Q. generated by the functions co -> co(t). ¿? is that unique probability measure on J( for which the condition 0=t0<t1< ■ ■ ■ <tn implies that to(tj+1)-cü(tj), 0~¿j-¿n-l, are independent and co(tj+,) -w(t,) has distribution measure AJ+1-iy in B. it is asserted in [6] that qt(x, dy) = qt(x, dy) for all t >0 and x in B. For the proof of this theorem, it is necessary to verify the following: (*) For each bounded real-valued Lip-1 function/ on B, the maps (x,t)->(qtf)'(x) from 7?x(0, oo) to 77 with | • | and (x, /) -*■ (qtf)"(x) from 7ix(0, oo) to the space of trace class operators on 77 with trace class norm are continuous.
Since [6] is an announcement and does not contain a proof of (*), we will make these estimates as part of §IV.
As a consequence of the equality of qt and qt, we have the following uniqueness result :
Theorem [6] . Assume Lx and B satisfy (i)-(\ii). Then the family {qt(x, dy) : t>0, x e B} whose existence is established in [7] is unique among families {pt(x, dy) : t>0, x e B} of bounded real-valued signed Borel measures on B which satisfy the following requirements:
For each boundedreal-valued Lip-l functionf on B, setting ptf(x)=¡Bf(y)pt(x, dy), It is established in [10, Theorem 4] that {qt : i>0} forms a strongly continuous contraction semigroup on 3?. We remark that the results of [10], while presupposing that the qt(x, dy) are probability measures and satisfy the semigroup property, are independent of the additional hypotheses made in [9] . Let °tt denote the infinitesimal generator of the semigroup {qt} on S£. We define £P as the set of all / in JS? such that /' is continuous as a map from B to 77 and /" is bounded and uniformly continuous as a map from B to trace class operators on 77. Lxf is thus defined for all/in SP. In §111 we establish that if is in the domain of <%. This proof utilizes the representation of {qt(x, dy)} as the family of transition probabilities of the solution of the stochastic integral equation (1), and thus relies on the smoothness properties (*) which we establish in §IV. The proof also utilizes Kuo's generalization of a formula of K. Itô to stochastic integrals on abstract Wiener space [5, Theorem 4.1]. We are eventually able to show that {qt} is the unique contraction semigroup on J2? whose infinitesimal generator extends (Lx, S?).
The facts from basic semigroup theory which we will use in the next section may all be found in Dynkin [1, Chapter 1] . In particular, we now quote two such theorems for future reference. III. The relationship of <?/ and Lx. We begin the study of the relationship between °U and Lx by proving that if/and its first two 77-derivatives are reasonably smooth then/is in the domain of ^ and ^/ coincides with Lx on/. Recall that the domain of ^ is defined as the set of all/in S£ which satisfy \(qtf-fi)/t\x converges as t | 0. <%fis defined to be the limit of (qtf-f)/t. Remark. The choice of if was determined by the following considerations. if must naturally be a subset of J? since we are considering the semigroup {qt} as acting in Sf.f and/" must have sufficient smoothness to enable use in equation (2) of Itô's formula-that is,/' must be continuous from B to 77and/" must be continuous from B into the space of trace class operators on 77. Finally, we used the requirement that c7t(trace A(x)f"(x)) be strongly continuous at / = 0. This is achieved by requiring Lxf(x) to be in JSP. Qf(x) = ^e-\qtf)(x)dt.
Then f ese => Qfe if.
The proof of Lemma 2.1 will be provided by the smoothness estimates which we will make in §IV. Proof. We need only show that the domain of %' coincides with the domain of <% and that W = <% on their common domain. Since (°u"', £&&,) must be closed and since (<W, 2m) is the closure of (Lx, if), we automatically have (*', á>*.)=>(^r, 2<¿).
Suppose now that fie 9)*.. Set g=f-Wfi Define ifü={h in if: ||at'«-«||x ->0 as t \ 0}. Since Sf<,-=>3>w and <%': iC0-^iC0, we have geiC0. Thus / is the unique member of 9^, satisfying fi-°U'fi= g. Since qt is strongly continuous on if, there exists a unique/in 3iv such t\\atJ-aUf=g.
But since/e% ^¿'J=°Ujand so/=/.
Thus i<tr,9*) c(«,^).
Remark. The preceding theorem may also be proved by application of the corollary to Theorem 1. [7] shows that qt(x, F) is of the form where {mt(x,dy) : t>0,xeB} and {rt(x, dy) : t>0,xeB} are families of finite real-valued signed Borel measures on 77. We will employ the notation ñXfix) = f(y)mt(x, dy), rtf(x) = f(y)rt(x, dy).
IV. Smoothness of qtf(x). For a Borel set T in B, equation (32) of

Jb Jb
The desired smoothness properties will first be established for mtf(x), together with some estimates which will enable us to carry limits through the time integral which occurs in the expression for qtf (x 
mj(x) = J" [det A(y)]-1'2f(y)e-^x^-^x-^tp2t(x, dy), with C(x)=A(x)~1 -I. The exponential term is tobe interpreted as that measurable function on B determined by the function y -*■ (C(x)(x-y), x-y), which is defined on 77+x and uniformly continuous near zero in the topology generated by the measurable seminorms on 77+x (see [7] , equations (5) and (6) as that Wiener measure on B which is induced by Gauss measure on 77* with variance parameter t. Thus we have
In this form, mtf(x) has a three-fold dependence on x. The change in the right side of (7) caused by a change in either of the first two occurrences of x is influenced by the properties of the coefficients A(-); whereas the effect of a change in only the third "x" is independent of the A(-), and is determined by the behavior of the fundamental solution of the Laplacian. Proof. It is shown in [7, p. 99 ] that e-{Clx)y-y)'2 e V-*\p,(dy)) for all positive A which are sufficiently close to zero. For such a A, the L1 + x norm is uniformly bounded with respect to x. If t_1 + A"1 = 1, then the lemma follows upon application of Holder's inequality.
By Proposition 1 of [7] , for fixed t > 0 the map x -*■ (mtf)(x) is twice 77-differentiable at each x in 77. Since 77 is separable, the weak measurability of (mtf)'(x) implies its strong tmeasurability. Moreover, we may estimate the 77 norm of (mtf)'(x) as follows: c always denotes a general constant; it will in general depend on the coefficients A( ■ ) and on the abstract Wiener space B which are fixed in this paper, but will be independent of all variables in our calculations. F is a symmetric Hilbert-Schmidt operator on H such that C(x), C'(x)() and C"(x)()(-) are of the form FC0(x)F, FC,(x)(■ )F and FC2(x)( )(-)F respectively. The existence and properties of these operators are proved in [7] . iT-'vl2 is in Lp Thus f-* (mtf)'(x) is Lip-1 on intervals of the form 0<a^t^b<cc, uniformly for all x in B.
To establish x-smoothness of (mtf)'(x) we assume that/is in si. x^ \A(x)\ and x -»• det /4(x) are uniformly bounded above and away from zero, and are in Lip-1 (see [7] ). From [7, p . 94] we infer the existence of an x3 in B such that
If ß is assigned a fixed value ^1 and sufficiently close to 1, calculations in [7, p. 109] show that {£ \exvi-iCix1)y,y)/2)-expi-iCix2)y,y)/2)\<¡p1idy)ye Ú c\\Xl-x2\\.
Thus, changing variables y -> (2í)1,2j in equation (8), applications of Lemma 5.1 and of Holder's inequality easily yield
We may now conclude that the family {F, : ||/||i á 1} where Ff(x, t) = (mlf)'(x) is uniformly equicontinuous as a family of functions from 73 x (0, oo) to 77.
We turn now to consideration of (mtf)"(x). In order that (mj)"(x) be of trace class, we will assume that/is in sé'. We may write
where for all « and k in 77,
We recall that the family of trace class operators in L(H) is |r|Trii* denotes the trace class norm in L(HX). We will henceforth write |r| or |r|Tr instead of |r|L(fi) or |7|Tr H, respectively, whenever no confusion may arise.
(Vt(x)k, h) = (A(x)Vt(x)k, h)x. Noting the form of the right side of equation (13) Thus Vt(x) is of trace class, and there exists a constant c such that
for all />0 and for all x in B.
Estimates found on pp. 107-108 of [6] are easily seen to imply that, for any operator T of finite rank in L(77), |Tr7TFt(x)| $c\T\\fUt-™.
We conclude that Wtix) is of trace class, with (17) \Wt(x)\Tt ^ cll/IUi-1'2.
Let Tnow be a symmetric linear operator on 77 of finite rank. Let {et : i= 1,..., n} be any orthonormal (with respect to ( •, • )) basis for the range of T and let P be the orthogonal projection of 77 onto the span of {et : i=l,...,«}.
On replacing y by (2í)1/2v, we have Since Xt(x) is symmetric, we now may conclude that ^¡(x) is of trace class and that (18) \Xt(x)\Tvúc\\f\Uf 1/2 Equations (16), (17) and (18) 
\(mtf)"(x)\Tr <: c\\ Strong i-measurability of (mtf)"(x) follows since the space of trace class operators on 77 is separable. If we make the change of variables y -*■ (2t)ll2y in equations (14) and (15) for Wt(x) and Xt(x), and note the resulting manner in which t occurs, then the preceding calculations easily imply that the family {Fxj : x e B, \\f\\,ú 1} where Fxj(t)= Wt(x)+Xt(x) is uniformly equicontinuous as a family of functions from an interval of the form {/ ä a > 0} to the space of trace class operators on 77.
In addition, smoothness of C(x) and its derivatives combines with the preceding techniques in a straightforward fashion to yield the inequality Similar statements concerning Vt(x) are rather more difficult to prove. We now turn our attention to Vt(x).
A test operator S is a bounded linear operator of finite rank from B to B*. With S we may associate operators Tin 7, (77) where a"1+J8~1 = 1. Calculations in [7, p. 109] show that the second integral in the right side of (23) is dominated by a constant times \\x1 -x2\\, independently of i>0, provided ß is assigned a fixed value sufficiently close to 1.
Since equality of (Th, k) and (Tk, h) for all h and & in 77 is equivalent to equality of (Txh, k)x and (Txk, h)x for all h and k in 77, we see that T is symmetric in 7,(77) if and only if Tx is symmetric in 7,(77*). We next wish to show that PnA(x)Vt(x)A(x) converges to A(x)Vt(x)A(x) as « -> oo in Tr 77 norm, with the convergence being uniform for all / ä a > 0, ||/|| x ^ 1 and x in B. We view Pn as mapping 77 to 77* and let Qn be the unique continuous extension of Pn to 7_(7?, 77*). Then Qn is a test operator. We will also view Qn as an operator in7.(77, 77) via the identifications B*^H*xH<^B, where the isomorphism of 77* and 77 is given by the inner product (•, ■). Then for any test operator S, S(Qn-Qm) is also a test operator. If T and Tx are the operators in 7,(77) and 7,(77*) respectively associated with S, then T(Pn-Pm) and Tx(Pn-Pm) are the operators in 7,(77) and 7,(77*) associated with S(Qn-Qm). Now we may interpret equation (35) 
